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The concentration of electromagnetic waves (EM) is of utmost importance in many engineering
applications such as solar-cells. According to the transformation optics (TO) methodology, a feasible
approach for obtaining arbitrary shape concentrators is proposed. In contrary to the previous
works, the obtained materials are homogeneous and independent of the concentrator shape. That is
regardless of the input geometry always one constant material, which is optic-null medium (ONM),
is used and the performance of device will not alter. This competency will ease the design process
and circumvent the sophisticated calculations of the necessitating materials. To authenticate the
concept, several numerical full-wave simulations were performed for different shape concentrators.
It was observed that numerical results exhibit strong agreement with the theoretical investigations
and corroborate the generality and effectiveness of the proposed designing method.
I. INTRODUCTION
TO methodology, which was proposed by Pendry et
al.1, has shown a great potential to design various
devices that were deemed impossible to be achieved
with conventional methods, such as invisibility cloaks2,3,
field rotators4, collimating lenses5–7 and beam steering
applications8. Among these functionalities, the phe-
nomenon of near-field concentration of EM waves plays a
crucial role in the harnessing of energy in solar cells9. Re-
cently, several TO-based devices have been reported for
this aim10–18. However, to the authors' best knowledge,
most of these works were limited to the circular-cross sec-
tion concentrators which limit their practical usage for
more general cases where there is a prerequisite to focus
energy in an arbitrary region of interest. Although Yang
et al. proposed a method based on Laplace equation to
achieve arbitrary shape concentrators , the propounded
approach cannot be utilized in realistic situations since its
obtained materials are inhomogenous and anisotropic10.
However, Madni et al. proposed a novel method based
on multi-folded transformation optics that is competent
to obviate the inhomogenity problem19.
In addition to the realization procedure, previously
proposed mapping functions are strictly dependent on
the desired concentrator shapes. That is if the structure
shape is changed, one must recalculate the necessitat-
ing materials and as a result the realization procedure
should be repeated, which make these works impractical
for real-life scenarios where reconfigurability is of utmost
importance. All these challenges cause this question to
be asked that whether is there any alternative way of
designing arbitrary shape concentrators that their neces-
sitating materials are independent of the geometry?
Recently, Engheta et al. proposed the concept of
nihility media, as an environment where its constitu-
tive parameters are near zero, to achieve various novel
devices20,21. After the introduction of near zero media,
the presented concept was further became more general-
ized by defining it as a material obtained from transform-
ing a volumless geometrical element such as point, line or
surface to a finite volume of space22. Among the materi-
als obtained from these transformations, the one that is
attained from mapping a surface into a volume is known
as the optic-null medium (ONM) and attract scientists’
attentions due to its unique characteristics. For instance,
Sun et al. utilized ONM for designing different function-
alities such as waveguide bends23, wave front reshaping
devices24 and other interesting novel applications25–30.
Furthermore, it is well known that single conductor
waveguides (e.g. rectangular waveguide) do not sup-
port transverse electromagnetic (TEM) mode31. How-
ever, Catrysse et al. attained this mode from a waveguide
which was filled with such a material32,33. The ONM was
also used to achieve reflectionless diffraction-free bending
and splitting devices by Zhang et al34.
In this paper, a new method to enhance the power in-
tensity of EM waves in an arbitrary region of interest
that is more feasible to be implemented in real-life sce-
nario is proposed. Due to the propounded technique, the
acquired materials become ONM, which obviates the de-
mand of recalculating the necessitating materials when
the shape of structure is changed.This will give the de-
signer a more degree of freedom to enhance the EM waves
power in any arbitrary region. First, the theoretical in-
vestigations of the method is given in details, then several
numerical simulations are performed to demonstrate the
capability of propounded approach in enhancing the EM
intensity. We believe that not only this method could
find applications in scenarios where high field intensity
in an arbitrary cross section is needed, but also it is
more feasible to be fabricated in comparison with its con-
ventional counterparts, which were inhomogeneous and
anisotropic.
II. THEORY
In order to focus the incident wave in an arbitrary re-
gion of interest, the schematic diagram of Fig.1 is used as
the space transformation,which three cylinders with arbi-
trary cross sections of R1(φ) = τ1R(φ), R2(φ) = τ2R(φ)
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2and R3(φ) = τ3R(φ) divide the space into three different
regions. It should be noted that τ1, τ2 and τ3 are constant
coefficients which satisfy the condition of τ1 < τ2 < τ3
and R(φ) is an arbitrary continuous function with period
of 2pi that is specified with Fourier series as
R(φ) = a0 +
∞∑
n=1
{an · cos(nφ) + bn · cos(nφ)} (1)
where an and bn are constant coefficients that specify the
contour shape.
FIG. 1: The schematic of coordinate transformation for
achieving arbitrary shape concentrators.
To concentrate the incident wave in a predefined region
of R1(φ), one must collect the energy that was originally
located in r < R2(φ) into the region of r
′ < R1(φ′).
To this aim, the region of r ∈ [0, R2(φ)] must be com-
pressed into the region r′ ∈ [0, R1(φ′)], while at the same
time r ∈ [R2(φ), R3(φ)] is stretched into the region of
r′ ∈ [R1(φ′), R3(φ′)]. Since these two steps occur si-
multaneously, all the energy, which previously located
in r < R2(φ) is now localized in the region of r
′ < R1(φ′)
and as a result, the power intensity will be increased in
the mentioned domain. It is notable to mention that as
the azimuthal direction is not transformed in this kind of
mapping (i.e., φ = φ′); thus, the function which is compe-
tent to perform such a transformation could be expressed
as
fc(r, φ) =
τ1
τ2
r r′ ∈ [0, R1(φ))
fs(r, φ) = Ω× r + Ψ×R(φ) r′ ∈ [R1(φ), R3(φ)]
(2)
where subscripts of c and s represent the compressed and
stretched region, respectively and Ω = (τ3−τ1)/(τ3−τ2),
Ψ = [(τ1 − τ2)/(τ3 − τ2)]τ3. According to the optical
transformation theory1, the constitutive parameters of
the physical space could be expressed as
ε′
ε0
=
µ′
µ0
=
Λ× ΛT
det(Λ)
(3)
where ε0 and µ0 are the constitutive parameters of
virtual space which is assumed to be air and Λ =
∂(x′, y′, z′)/∂(x, y, z) is the Jacobean matrix which re-
lates the metrics of the physical space, (x′, y′, z′) to the
virtual space, (x, y, z). By substituting Eq. (2) into Eq.
(3) the necessitating materials for each region will be
achieved as
ε′c
ε0
=
µ′c
µ0
=
1 0 00 1 0
0 0 (τ2/τ1)
2
 (4a)
ε′s
ε0
=
µ′s
µ0
=
α11 α12 0α21 α22 0
0 0 α33
 (4b)
where the coefficients of αij are
α11 =
(τ3 − τ2)r′ − τ3(τ1 − τ2)R(φ)
(τ3 − τ2)r′ + (5)
τ23 (τ1 − τ2)2(dR(φ)/dφ)2
[(τ3 − τ2)2r′ − τ3(τ1 − τ2)(τ3 − τ2)R(φ)]r′
α12 = α21 =
(τ3(τ1 − τ2)(dR/dφ))
(τ3 − τ2)r′ − τ3(τ1 − τ2)R(φ)
α22 =
(τ3 − τ2)r′
(τ3 − τ2)r′ − τ3(τ1 − τ2)R(φ)
α33 =
(τ3 − τ2)2r′ − τ3(τ1 − τ2)(τ3 − τ2)R(φ)
(τ3 − τ1)2r′
As can be seen from Eq.(4b) and Eq.(5), the ob-
tained materials of the stretched region are inhomoge-
neous and anisotropic with off-diagonal components of
α12/α21 which cause serious difficulties in their realiza-
tion process36. In addition to the inhomogenity that the
existence of R(φ) in the components of αij dictates, it
also demonstrate the dependency of obtained materials
to the structure geometry. In other words, an alternation
in the coefficients of Eq.(1),which results in new geome-
try, leads to new materials which must be recalculated.
However, since R2(φ) = τ2 × R(φ) is a fictitious region,
τ2 can achieve any arbitrary value. This will give us a
degree of freedom to arbitrarily select the value of τ2 in a
manner that it will eradicate the effect of the off-diagonal
components of α12 (also α21). To this aim, we will set
τ2 → τ3 as shown in Fig.1. After performing a quite te-
dious calculations ( the details are provided in appendix)
the new materials for each section will be achieved as
ε′c
ε0
=
µ′c
µ0
=
1 0 00 1 0
0 0 (τ2/τ1)
2
 (6a)
ε′s
ε0
=
µ′s
µ0
=
∞ 0 00 0 0
0 0 0
 (6b)
The attained material of Eq.(6b) is known as ONM which
were comprehensively discussed earlier. However, for
3better understanding the physical concept of ONM, the
dispersion relation in a medium which is filled with ONM
will be analyzed. In addition, it is noteworthy to mention
all the given explanation are for the transverse electric
(TE) polarization; however, the same procedure could
also be utilized for transverse magnetic (TM) polariza-
tion. It is known that in an anisotropic media, the dis-
persion relation for transverse electric (TE) polarization
incident wave is expressed as37
k2r
µϕ
+
k2φ
µr
= k20εz (7)
where kr and kφ are the wave vector along the radial
and azimuthal directions, respectively and k0 indicates
the wave vector in the free space. By utilizing Eq.(6b),
it is clear that when µr = ∞, regardless of the value of
kφ, the EM waves will constantly have the wave vector of
kr = k0
√
µφεz, that since εz = µφ = 0, the wave vector
along radial direction will become zero . Therefore, it
is expected that there will be no propagation in the r
direction in this kind of material and the EM fields would
be mapped point-to-point from the outer boundary to
the inner one and vice versa. For further clarifying the
concept, several numerical simulations were performed
and discussed in the next section.
III. RESULTS
To numerically verify the concept of the propounded
method, several arbitrary shape concentrators were sim-
ulated for TE polarization, with z -directed E-field, us-
ing the COMSOL MULTIPHYSICS finite element solver.
Since the outer radiation boundary is a rectangle with the
sides of 16λ×16λ, the provided simulations exhibit both
near field and far field behavior of the structure. In addi-
tion, for all the performed simulations, the incident wave
is assumed to be a plane wave, which is illuminating un-
der the frequency of f = 0.38THz and τi are selected to
have constant values of τ1 = 0.6 , τ2 = 0.99 and τ3 = 1
while the coefficients of R(φ) in Eq.(1), will achieve dif-
ferent values for each new case. Therefore, by considering
these values, the materials of Eq.(6) will be achieved as
′c
0
=
µ′c
µ0
=
1 0 00 1 0
0 0 3.92
 (8a)
′s
0
=
µ′s
µ0
=
∞ 0 00 0 0
0 0 0
 (8b)
However, selecting the exact values of ∞ and 0 for the
constitutive components cause some errors in the simu-
lation process. To overcome on the mentioned issue, we
assumed that εs/ε0 = µs/µ0 = diag[1/ξ, ξ, ξ], which diag
represents a diagonal matrix and ξ = 0.001. Although
the value of ξ is not exactly zero, the mentioned approx-
imation of ξ will cause the wave vector along r direction
tends to be zero (i.e., kr = k0
√
µφεz = k0 × ξ → 0).
Hence, it is acceptable to suppose that the fields are
mapping from outer interfaces to the inner ones point-
to-point.
For the first example, a well known case of circular
cross section concentrator is investigated. To this aim,
the coefficients of R(φ) are simply taken to be indepen-
dent of φ, that is R(φ) = 2.25λ. Hence, by exploiting the
obtained materials of Eq.(8), the near field results will
be achieved as shown in Fig.2.
FIG. 2: (a) The electric field distribution of circular
cross-section concentrator. (b) Its corresponding power
intensity
As can be seen from Fig.2(b), in the compressed re-
gion the EM intensity is well enhanced. Indeed, it was
expected that the power intensity in the mentioned do-
main would be increased with the ratio of τ2/τ1. This
has been verified by the numerical simulation. As it is
illustrated, in the free-space where the incident wave is
travelling, the power intensity is 1.3×10−3(W/m2) while
in the compressed region the intensity is increased as
(τ2/τ1) × (1.3 × 10−3) = 2.1 × 10−3(W/m2), which in-
dicates that the obtained results are well abide with the
ones attained from previously proposed methods13,18.
However, for the irregular shape concentrators which
are important in diverse applications, previously reported
approaches have the problems which were mentioned ear-
lier (i.e., inhomogeneous and shape dependent materials).
Nevertheless, it will be shown that the attained materials
of Eq. (8) are sufficient for any arbitrary value of R(φ).
To this aim, the coefficients of Eq.(1) are varied in a man-
ner that different irregular concentrators are generated.
By utilizing the materials of Eq.(8) for each of the new
generated shape, the perfect intensity enhancing would
be achieved as shown in Fig.3.
As it is illustrated in Fig.3, regardless of the input
geometry the functionality of the obtained materials re-
main unchanged. In addition, the same as for the circular
shape, the power intensity in the compressed region is in-
creased with the same ratio of τ2/τ1. However, to have
different magnitude in the intensity the ratio of τ2/τ1
must be changed.
4FIG. 3: (a-c) The electric field distribution of different
shape concentrators. (d-f) Their corresponding
enhanced power intensity
IV. CONCLUSION
In conclusion, a feasible method for achieving arbi-
trary shape EM concentrator that is competent to local-
ize EM waves by obviating the demand of inhomogeneous
and anisotropic constitutive parameters is propounded.
Several numerical simulations were performed to demon-
strate this novel feature of the proposed work. It was
observed that the attained results were well abide with
the theoretical predictions. We believe that the newly
proposed method in this paper could be utilized in sce-
nario where high concentration of EM waves is of utmost
importance.
Appendix A: Wave equation inside of an optic-null
medium
As it was mentioned, setting τ2 → τ3 will eradicate the
effect of off-diagonal components of Eq.(4b). To show
this, we will firstly calculate each components' value un-
der such an assumption. From Eq. (5) it is clear that
when τ2 → τ3 each components will be changed to
α11 →∞ (A1)
α12 = α21 = −dR(φ)/dφ
R(φ)
α22 → 0
α33 → 0
As it is obvious from Eq.(A1), due to the existence of
off-diagonal components, the obtained materials under
the assumption of τ2 → τ3 are still inhomogeneous and
anisotropic, which are difficult to be realized. However,
according to the Maxwell's equations, it will be demon-
strated that the values of α12 or α21 are not important;
thus, they could be considered as zero. To this aim, as-
sume a TE polarized wave is travelling in a medium with
the constitutive parameters of
ε′
ε0
=
εrr εrφ 0εrφ εφφ 0
0 0 εzz
 (A2a)
µ′
µ0
=
µrr µrφ 0µrφ µφφ 0
0 0 µzz
 (A2b)
From Maxwell's equations, the magnetic and electric
fields are achieved as
Hr =
1
jω(µ2rφ − µrrµφφ)
×(µrφ∂rEz+ µφφ
r
∂φEz) (A3a)
Hφ =
1
jω(µrrµφφ − µ2rφ)
×(µrr∂rEz+ µφφ
r
∂φEz) (A3b)
1
r
× ∂r(rHφ)− 1
r
∂φHr = jωεzzEz (A3c)
Substituting Eq.(A3a) and Eq. (A3b) in Eq. (A3c) the
governing equation for electric field in such a medium will
be attained as
µrr∂
2
rEz +
µrr
r
∂rEz + 2
µrφ
r
∂rφEz+ (A4)
µφφ
r2
∂2φEz + ω
2(µrrµφφ − µ2rφ)εzzEz = 0
The attained expression of Eq.(A4) is the general form
of the electric field in an anisotropic medium. Assume
µrr = 1/ξ, µφφ = ξ and εzz = ξ, with ξ → 0. Substi-
tuting these values into Eq.(A4), the governing electric
field equation in a medium defined with Eq.(A2) will be
attained as
1
ξ
∂2rEz +
1
rξ
∂rEz + 2
µrφ
r
∂rφEz+ (A5)
ξ
r2
∂2φEz + ω
2(1− µ2rφ)ξEz = 0
5The above-equation could be easily simplified to a more
simplified one as
∂2rEz +
1
r
∂rEz + 2
µrφ · ξ
r
∂rφEz+ (A6)
ξ2
r2
∂2φEz + ω
2(1− µ2rφ)ξ2Ez = 0
Since ξ → 0 and µrφ has finite value of dR(φ)/dφR(φ) accord-
ing to Eq.(A1) (also εrφ for TM polarization); hence, the
exact values of µrφ is not important. This is because only
the products of these values play crucial role as shown in
the wave equation (i.e., Eq.(A6)) not each of them indi-
vidually. Therefore, one can assume any desirable finite
value for the off-diagonal components. Here we assumed
εrφ = µrφ = 0. Therefore, the final materials, which
describe the performance of an arbitrary shape concen-
trator, would be achieved as the ones given in Eq.(6).
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